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Abst rac t - -The  authors discuss the relation of the oscillation of the following two difference qua- 
tions, 
ArnXn-1 -~ f(n, xn) = O, 
Amxn-1 q- f(n, xr(n) ) = 0, 
where m > 2, T : N --* N, N is the set of integers, In - ~'(n)l ~ M for n C No, M is a positive 
integer, lira T(n) = 00, f : N x R --* R, f isnondecreasingin x, xf(n,x) > O, as x ~ 0. We will 
n- -~ oo  
show some relations of the oscillation of the above two equations. Especially, for m to be even, we 
establish the equivalence of the oscillation of the above two difference quations. (~) 2004 Elsevier 
Ltd. All rights reserved. 
Keywords- -Osc i l lat ion,  Difference quations, Nonlinear. 
I. INTRODUCTION 
%Ve consider the higher-order nonlinear difference equation 
Amxn-1  + f (n, xr(n)) = 0, (1.1) 
where we assume the following, Condit ion (H), holds. 
(H) m > 2, T : N -~ N, N is the set of integers, lira T(n) -- ~ ,  and In - r (n ) l  < M, 
n" -+ ~)  
for n E No = {0, 1, 2 , . . .  }, M is a positive integer; f : N x R ~ R, f is nondecreasing 
in x and xf (n ,x )  > 0, as x ~ 0. 
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A special case of (1.1) is 
A'~xn_I + f (n, Xn) = 0. (1.2) 
A solution {x~} of (1.1) is said to be eventually positive, if x~ > 0, for all large n, and eventually 
negative, if x~ < 0, for all large n. It is said to be oscillatory, if it is neither eventually positive 
nor eventually negative. An equation is said to be oscillatory, if every solution of this equation 
is oscillatory. 
We will establish some comparison theorems for the oscillation of (1.1) and (1.2). Especially, 
for m to be even, we will prove that every solution of (1.1) oscillates, if and only if, every solution 
of (1.2) oscillates. 
2. RESULTS 
First, we need the following lemma. 
LEMMA 2.1. Assume that (H) holds. I f  
/Xx,~_l - f(n,x~-(,~)) > 0 (2.1) 
has a positive solution on n >_ N1 > O, so does the equation, 
AXn_ 1 -- f (n ,  Xr(~)) = O. (2.2) 
PROOF. Let {x~} be a positive solution of (2.1) on n > N1. Choose N2 > N1, so that r(n) _> N1, 
for n > N2. Summing (2.1) from N2 to n, we obtain 
xn _> xN2-z + ~ f (i,x~(0). (2.3) 
i=N2 
Let y(1) = x~, for n > N1. Define 
and k = 2, 3, . . . .  
In view of (2.3), we have 
Xn = y(1) > y(2) >_ .. .  >_ xY2-1, 
Hence, l i ra  y(k) = Yn exists, n >_ N2. From (2.4), we have 
n>_N2, 
N1 < n < N2, 
for n >_ N2. 
(2.4) 
Yn = 3CN2-1 Jr- ~ f (i, yr(i)), 
i=N2 
which implies that {y~} is a positive solution of (2.2). The proof is complete. | 
We consider the equation, 
Amxn_ l  + f* (n, Xr(~)) = 0, (2.5) 
where 
f if _< 0, 
Y* = - f  if > 0. 
Clearly, f * (n , -Xr (n) )  = - f * (n ,  Xr(n)) and Xr(n)/*(n, Xr(n)) > O, if Xr(n) 7 £ O. Also, if {xn} is 
a solution of (2.5), so is {--xn}; furthermore, Yn < O, n >_ N1 is a solution of (2.5), if and only 
if, {Yn} is a solution of (1.1). 
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THEOREM 2.1. Assume w(n) is strict ly increasing and ~'(n) < n, n > N1. If, for m even, (1.1) 
has a nonoscillatory solution, then, the equation, 
Amy,_1 + f (T -1 (s),  Ys) = 0, (2.6) 
has a nonoscillatory solution. If, for m odd, (1.1) has an unbounded nonoscillatory solution, so 
does equation (2.6). 
PROOF. Let {z ,}  be a nonoscil latory solution of (1.1). First of all, we assume that x~ > 0, 
for n _> N1 _> 0. Then, XnA'~x~ < O, n >_ N2. By a known result [1, Theorem 1.8.11], there 
exist Na _> N1 and an integer l, 0 < l < m - 1, m + l is odd, such that  AkXn > O, k = O, 1, . . . ,  l; 
( - -1)m+k-lAkXn > 0, k = l + 1 , . . . ,  m - 1, n _> N3. Thus, if m is even, or m is odd and {x~} is 
unbounded, then, I > 1. Summing (1.1) from sl to s2 - 1, s2 > sl _> Na, we obtain 
s~--i 
~m-- lXs2- -1 -  Arn--lXsI--1 q- E f (i,:T'7(i)) =0,  
i=Sl 
and, hence, 
o~ 
Am- lx~- I  >_ ~ f (i,x,-(i)), sl >_ Y3. (2.7) 
i=s  1 
Let v = w(i), i = T- I (v ) ,  then, 
Am- lx~l_  1 > 
Since T(81) __< Sl, we have 
Define 
and 
O~ 
-> ?Ef (v),xj. (2.s) 
V-~8 
F lxn=~f(T - l (v ) ,x , )  
V=T~ 
o~ 
Fjx n = EF j _ lX i ,  j = 2 ,3 , . . .  ,m- l .  
i=n 
Then, it follows from (2.8) that  the operators Fi, i = 1 ,2 , . . . ,m-  l are well defined and 
that Fjxn > Fjy,~, j = 1 ,2 , . . . ,m-  l, whenever xn k Yn, n >_ N3. Furthermore,  Fjxn > 0 
and 
AFjxn = -Fj- lx,~, n k g3, j = 2, 3, . . . ,  m - I. (2.9) 
Thus, (2.8) becomes 
A~-%~_I > F izz ,  s _> N3. 
By successive summations of the above inequality from st to s2, s2 > Sl _> N3, discarding positive 
terms, we obtain 
( -1 ) i+ lAm- ix~_ l>F~x~,  s>N3,  i= l ,2 , . . . ,m- l .  
In particular, 
Define 
A%~-1 > F,~_lx~, s _> N3. (2.10) 
Tox n = Fm_lX n 
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Tjx~= E Tj- lxi ,  n>_Na, j= l ,2 , . . . ,1 .  
i=N3 
Then, Tjxn > Tjyn, j = 1, 2, . . . ,  l, whenever xn k Yn, It ~ N 3. Furthermore, Tjx ,  > 0, and 
Ar iz .  = T j_ lx . ,  It > N3, j = 1, 2 , . . . ,  l. (2.11) 
By successive summations of (2.10), we obtain 
AZ-ixs_l>Tix~, s>_N3, i =0 ,1 , . . . , / -  1. 
In particular, 
Ax~_l > Tl-lx~, s > N3. 
By Lemma 2.1, equation Ax,-1 = Tl-lx~ has a positive solution {y~} and Ay ,  > 0, for n > N3. 
By successive differences of equation Ays_l = Tl-lys and noting (2.11), we have 
Aty~-i = Toy~ = Fm-ly~. (2.12) 
Furthermore, noting (2.9), from (2.12), we obtain 
/kra-lys-1 = Fly~ = E I (T -1 (v),y,) . 
V:8 
Hence, {y,} satisfies (2.6), i.e., 
Amys_l = - f  (m -1 (s), y , ) .  
If m is odd, then, AUys > 0 and, hence, y~ is unbounded. 
Next, we assume {x~} is a negative solution of (1.1), say x ,  < 0, n _> N2. Let u,~ = -x~ > 0, 
then, {us} is a positive solution of (2.5), which is unbounded, if m is odd and {x~} is unbounded. 
By the above conclusion, the equation, 
nn~ys_l ~- f* (T -1 (8), Ys) = O, (2.13) 
has a positive solution {Vn}. Let y~ = -v,~, then, {y~} is a solution of (2.13) and that of (2.6) 
and which is unbounded when m is odd. The proof is complete. | 
If ~- (n) > n, from (2.7) and the fact that x~ is increasing, we can obtain 
Am-~x ~ -~ ~1-1 >- f (i,x~-(i)) > f (i,xi). 
i=81 i=s l  
By the same argument of Theorem 2.1, we have the following proposition. 
COROLLARY 2.1. Assume re(n) is increasing and T(n) > n. If, for m even, (1.1) has a nonoscil- 
latory solution, then, equation (1.2) has a nonoseillatory solution. If, for m odd, (1.1) has an 
unbounded nonoscillatory solution, so does equation (1.2). 
As in the proof of Theorem 2.1, we can obtain the following proposition. 
COROLLARY 2.2. Assume (H) hoIds and m is even. Then, equation (1.1) is oscillatory, ff and 
only if, the inequality, 
A'~x~_l + f (n,x~(,)) < O, 
has no eventually positive solutions. 
Now, we consider (1.1) together with 
Amxn-1  ~- f (it, Xa(n)) = O, 
where ~ : N -+ N, lira or(n) = oc. 
n-- -+~ 
(2.14) 
(2.15) 
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THEOREM 2.2. Assume that T(n) ~__ ¢r(T~), n ~ O. I~ for m even, equation (1.1) has a nonoscil- 
latory solution, so does (2.15). If, for m odd, equation (1.1) has an unbounded nonoscillatory 
solution, so does (2.15). 
PROOF. Let {xn} be a positive solution of (1.1), i.e., x,, > 0, for n > N~. As in the proof of 
Theorem 2.1, there exists Na, such that 
oo 
Arn--lXs--1 ~ ~ f ( i ,x~( i ) ) ,  
i : s  
Define the sequence of operators Fi and Ti, respectively, by 
i=n 
oo 
i=n 
and 
s> Na. 
j =2,3 , . . . ,m-1 ,  
(2.16) 
T(o~) x~ F (~) x 
n- -1  
" -- E j = 1, 2, , z, 
i=Na 
which satisfy (2.9) and (2.11). Hence, by successive summations of (2.16), we have 
Axn-1 > T(~) x n > N3. - -  l - -1  n ,  
Since T(n) > a(n) and f is nondecreasing in x, we have 
Axn_l > T(~)x 
- -  1 - -1  n ,  
and, hence, by Lemma 2.1, the equation, 
Axn_l T(~) - ~- ~l_l~cn, 
has a nonoscillatory solution {Yn}, which is unbounded when m is odd. By successive differences 
of equation Ay~-I  -- Tl(~yn, we conclude that {y~} satisfies (2.15). 
Now, if we assume x~ < 0, n > N1 is a solution of (1.1), then, the equation, 
z2krr~xn_l -~- f*  (n, xa(n)) = 0, (2.17) 
has a positive solution {v,}, which is unbounded when m is odd. Hence, y ,  = -v ,  is a solution 
of (2.17), which satisfies (2.15). The proof is complete. | 
THEOREM 2.3. Suppose that T(n) > ~(n), ~(n) is increasing, ~(n) < n, n >_ N1. If, for m even, 
the equation, 
Amys-1 "~f (O "-1 (8),ys) = O, (2.18) 
is oscillatory, so is (1.1). If, for m odd, equation (2.18)has no unbounded nonoscillatory solution, 
neither does (1.1). 
PROOF. It follows from Theorems 2.1 and 2.2. 
REMARK 2.1. If or(n) > n, (2.18) is replaced by (1.2). The conclusions of Theorem 2.3 are also 
true. 
Since n - T(n) is bounded, we have the following conclusions. For m odd, if n - M _< T(n) _< n 
holds, then, we can get the following result. 
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THEOREM 2.4. For m odd, if  n - M <_ ~-(n) <_ n, then, every nonoscil latory solution of (1.1) is 
bounded, if and only if, every nonoscillatory solution of (1.2) is bounded. 
PROOF. Since n - M < T(n) ~ n, M is a positive integer. 
Set a(n) = n - M, s = a(n), and y~ = x~; then, we have 
=" o'-l(s), Ys "-~ Xn ~- Xa-l(s), T(?~) ~ o(n),  
(2.19) 
Ays = Y~+I - Y~ -- x~-1(~+1) - x~-l(s) = Axn, A'~ys = A'~x~. 
Sufficiency, i.e., if every nonoscillatory solution of (1.2) is bounded, so does (1.1). From the 
above argument, every nonoscillatory solution of (1.2)is bounded implies that of (2.18), then, 
the result follows from Theorem 2.3 directly. 
Necessity, i.e., if every nonoscillatory solution of (1.1) is bounded, so does (1.2). If we suppose 
that (1.2) has an unbounded nonoscillatory solution, then, from Theorem 2.2 and n > ~-(n), (1.1) 
has an unbounded nonoscillatory solution, which is a contradiction. 
The proof is complete. | 
For m even, we  are going to prove the equivalence of the oscillation of (I.I) and (1.2). 
THEOREM 2.5. For m even, assume (H) holds, then, (1.1) is oscillatory, if and only if, (1.2) 
oscillates. 
PROOF. Since In - ~'(n)] < M, M is a positive integer. Set or(n) = n - M, s = ~(n), as before, 
we can obtain (2.19). 
Sufficiency, i.e., the oscillation of equation (1.2) implies that of (1.1). For the case ~-(n) > n, the 
conclusion follows from Corollary 2.1. For the case ~-(n) < n, the result follows from Theorem 2.3 
directly. 
Necessity, i.e., the oscillation of equation (1.1) implies that of (1.2). For n _> ~-(n), the result 
follows from Theorem 2.2. For T(n) > n, without loss of generality, we will give the proof 
for m -- 4. Suppose that the equation, 
A4Xn_ l  -~- f (n, Xn) = O, 
has an eventually positive solution {x~} on n _> N1, i.e., there exists N1, such that x~ > 0, 
for n > N1, then, A4xn_l < 0. By [1, Theorem 1.8.11], there are two possible cases, 
(i) Ax~ > 0, A2x~ < 0, AZxn > 0, n >_ N2 > N1, and 
(ii) Ax~ > 0, A2Xn > 0, A3x~ > 0, n > N2 > N1. 
For Case (i), lim Ax~ -- k > 0 exists. 
(a) If k > 0, then, there exists N3 > N2, such that Ax~ <_ k + 1, for all n > N3. Since n < 
~-(n) < n + M, then, 
r(n)--i n-F M-1 
i=n i=n 
Hence, x~ >_ x~(~) - M(k  + 1). Let z~ = x~ - M(k  ÷ 1), then, z~ > 0, z~(n) < x~, Az~ = Ax~ 
eventually. 
From (1.1), we have 
A4zn_1 ~- f (rL, ZT(n) ) ~__ i4Xn_ l  Jr- f i n, X,,) = O. (2.20) 
Hence, if (1.2) has a positive solution, then, (1.1) has a positive solution, which is a contradiction. 
(b) If k = 0, since {xn} is increasing and xn > 0, then, there exist a0 > 0 and N2 _> N~, 
such that x ,  > Ms0, for n k N2. Corresponding to this zo, there exists N3 _> N1, such 
that Ax ,  _< ~0, for all n >_ N3. Let N* = max{N2, N3}, if n _> N*, we obtain 
n+M--1 
x~(~) -- xn <_ X~+M -- X~ = ~ Ax~ < Mso.  
Hence, x~ >_ x~(n) - Mso, n >_ N*. Similar to Case (a), we also get a contradiction. 
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]~br Case (ii), lira A3x~ = k > 0 exists. 
7~t, - -+  (:K3 
Set 
Axe_ l ,  n>_N,  
H~ = O, n<N.  
O~ 
Hence, H~ > 0. Define z~ = ~ H~_i. Clearly, z~-  z~-i  = Hn, ZN- -1  = O,  and z~ > 0, AZn > 0, 
i=0 
for n _> N. For n > N, we have 
Z n -- Zn_ 1 = AXn_ I ,  
ZN+ 1 -- Z N -= AXN,  
ZN+ 2 -- ZN+ 1 ~- AXN+I ,  
By induction, for n _> N, we have 
Hence, 
Z n 
ZN ~--- AXN-1 ,  
ZN+ 1 = AXN_  1 + AXN,  
ZN+2 = AXN-1  + AXN + AXN+I.  
n-1 
E AX i  ~- Xn -- XN--1 ~ ggn. 
i=N--1 
Zn+M <_Xn+M-- X~ + Xn <X,~ + Mmax{ lAx i l ,  i=n , . . . ,n  + M-1} .  
We discuss three possible cases. 
(1) If k > O, then, 
kn 2 
A2Xn ~- ]gf~ + O (n ) ,  AXn : T "~ o (?'t2) , 
kn 3 kn 3 
xn-  6 +°(ha) '  zn=- -U  +°(n3)"  
(2.21) 
(2) If k = 0 and lim A2xn = l ,  then, 
n - - '+ (X~ 
In 2 In 2 
z2kXn----ln@o(ft), Xn- -  2 +°(n2) '  and Zn= y+o(T~2) .  
Hence, from (2.21), we have z~+M <xn+2Mln ,  for n_> N. Set 5~ = Zn-2Ml (n -M)  > O, 
n > N. Then, 
Zn+M • ZnWM -- 2Mln < xn, 
A4~_1 = Aax~_l.  
From (2.21), we have Zn+M ~ Xn + kMn 2, for n > N. Set 2n = z,~ - kM(n  - M)  2 > O, n >_ N. 
Then, we obtain 
Y.n+M = Zn+M -- kMn 2 ~ Xn, and 
~-'n - -  L /n - -1  = Zn  - -  Zn- -1  - -  kM(n  - M) 2 + kM(n  - 1 - M) 2, 
/k4zn-1 ---= A3(zn -- zn-1) = A3(zn -- zn-1) ---- A4Zn-1.  
From the above notation, we obtain 2~(~) _< xn, then, f (n ,  2.~(n)) <_ f (n ,  xn). Hence, 
Z~X4Zn_I + f (n, 2r(n)) <_ z2Xnxn-1 + f (rt, Xn) ~-- O, 
which implies (1.1) has a positive solution. It leads to a contradiction. 
1370 
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A4zn-1 + S (n, ZT(n)) --( A4xn-1 + f (n ,  xn)  = O, 
which is a contradiction. 
(3) If k = 0 and lira A2x~ = ec, then, 
n---~ Oo 
Axn=o(n ( )  , n~o X n , Xn =O n 3 , 
n 2 = O(Xn),  Zn = o(n3), n 2 = O(Zn). 
From (2.21), we have Zn+M <_ xn+Mn 2, for n > N. Define 5n = Zn-M(n-M)  2, then, 5n > 0, 
and Xn >__ Zn+M. Similar to Cases 1 and 2, we can obtain 
A4zn-1 Jr S (n, Zr(n)) -- 0, 
which implies (1.1) has a positive solution. As before, it leads to a contradiction. The proof is 
complete. | 
REMARK 2.2. Theorem 2.2 and Theorem 2.5 generalize the related results in [2,3]. 
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